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Abstract
This paper presents a Global-Local (GL) method to simulate the interaction of ultrasonic guided waves with structural defects in isotropic and multilayered composite plate-like structures. The GL method uses a full Finite Element (FE) discretization of the defected region to properly represent wave diffraction phenomena, and a suitable set of wave functions to simulate regions away from the joint. Displacement and stress continuity conditions are imposed at the boundary between the global and the local regions. The radiated wave field can be then calculated by using standard techniques (least squares method). The novelty of the proposed approach over previous GL techniques is the use of Semi-Analytical Finite Element (SAFE) modeling for the "global" simulation. The SAFE method, which only requires the discretization of the waveguide's cross-section, allows handling complex structures (multilayered composites, arbitrary cross-sections, etc.) in a computationally efficient manner. Applications of the GL method to damage quantification will be shown for the cases of notches in aluminum plates and delamination-like defects in aircraft composite panels. 
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Introduction

Effective Structural Health Monitoring (SHM) techniques able to detect, locate and quantify damage are needed to ensure the proper performance and mission readiness of current and future aircrafts, as well as to minimize maintenance costs by taking appropriate remedial actions in a timely manner (Staszewski et al. 2004).  

Among the many SHM methods available, those based on guided stress waves are particularly suitable for probing components with waveguide geometries, such as the skin panels of aircraft fuselage and wings. It is known that guided waves can achieve larger monitoring ranges compared to “local” NDT methods (~meters instead of ~centimeters). At the same time, guided waves retain higher sensitivity to damage compared to “global” methods, such as modal analysis, because of the higher probing frequencies (~kilohertz versus ~Hertz). When guided waves pass through a defected region, complex scattering takes place. By studying the characteristics of the reflected and transmitted waves, quantitative information on the defects can be obtained.

A hybrid formulation is used wherein the finite element method is employed to model small regions near the defect whereas regions away from the defect are modeled using a suitable set of wave functions. Goetschel et al. (1982) developed a global-local finite element formulation for modeling axisymmetric scattering of a steady, compressive, incident elastic wave in a homogeneous, isotropic host medium with an axisymmetric inclusion. The hybrid method was also used in to model defects in a plate and a cylinder, respectively (Al-Nassar et al. 1991, Rattanawangcharoen et al. 1997). In the area of SHM of aircraft components, the method has been applied to model wave interaction with defected lap-shear joints (Chang and Mal 1995), as well as notches and rivet-hole cracks in plates (Mal and Chang 1999, 2000).
Many aircraft components are complex in either their geometry (e.g. multilayers, tapered thickness, etc.) or their material properties (e.g. anisotropic).  In this case theoretical wave solutions for the global portion are either nonexistent or hard to determine. The Semi Analytical Finite Element (SAFE) method can help handle these cases because of its ability to extract modal solutions of complex structures in a computationally efficient manner (Hayashi et al. 2003, Bartoli et al. 2006). Sabra et al. (2008) demonstrated the application of the SAFE-aided hybrid formulation to the detection of holes in aluminum plates. The present paper extends the global-local approach to model notches in aluminum plates and delamination-like defects in composite panels.

Theory

The geometry of the problem at hand is depicted in Fig. 1 where the material inside the bounded surface has properties different from the outside due to the presence of local irregularities as a defect.

In order to best illustrate the hybrid method, assume that a plane time-harmonic wave is incident on the FEM boundary in Fig. 1. The region inside the boundary is meshed and analyzed using standard finite element analysis; the region outside the boundary is represented by the linear combination of a set of global wave functions, here calculated from the SAFE method. The continuity of displacements and tractions on the mesh boundary must be satisfied through proper choice of the amplitudes of the wave functions.

Semi-Analytical Finite Element Method 

The SAFE method is employed to calculate the guided wave modeshapes Φ and eigenvalues ξ for any infinitely-uniform cross-section. These modeshapes and eigenvalues are used to calculate the forces and displacements on the boundary separating the Global from the Local region. In the SAFE method, at each frequency ω a discrete number of guided modes is obtained. For the given frequency, each mode is characterized by a wavenumber, ξ, and by a displacement distribution over the cross-section. For a Cartesian reference system, the waveguide cross-section is set in the ‘y-z’ plane while the x-axis is parallel to the waveguide length (see Fig. 2).
Subdividing the cross-section via finite elements, the approximated displacement at a point, [image: image2.png]u=u(x,y,zt)



, is given as:
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 is the matrix of the shape functions, [image: image7.png]


 is the nodal displacement vector for the eth element, t is the time variable and i the imaginary unit. It can be noted that the displacement is described by the product of an approximated finite element field over the waveguide cross-section with exact time harmonic functions, [image: image9.png]gilz—et)



, in the propagation direction, ‘x’. The compatibility and constitutive equations can be written in synthetic matrix forms as:
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 are the strain and stress vectors respectively,  [image: image16.png]


 is the compatibility operator and [image: image18.png]


 is the stiffness tensor. More details on the compatibility operator can be found in Hayashi et al. (2003) and Bartoli et al. (2006). The principle of virtual work with the compatibility and constitutive laws, Eq.(1) and (2), leads to the following energy balance equation 
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 is the waveguide cross-section area, [image: image23.png]


 is the waveguide volume, t is the external traction vector and the overdot implies time derivative. The finite element procedure reduces Eq. (3) to the set of algebraic equations:
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where the subscript 2M indicates the dimension of the problem with M the number of total degrees of freedom of the cross-sectional mesh. Details on the complex matrices [image: image27.png][A]
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 can be found in Bartoli et al. (2006). By setting  [image: image31.png]


 in Eq. (4), the associated eigenvalue problem can be solved as  ξ(ω). For each frequency ω, 2M complex eigenvalues ξm and 2M complex eigenvectors Φm are obtained. The solution is symmetric, i.e. for each pair (ξm - Φm), representing a forward guided mode, a pair exists representing the corresponding backforward mode (Hayashi et al. 2003). The first M components of Φm describe the cross-sectional mode shapes of the m-th mode. Once ξm is known, the dispersion curves can be easily computed. The phase velocity can be evaluated by the expression cph=ω/kreal, where kreal is the real part of the wavenumber. The imaginary part of the wavenumber is the attenuation, att= kimag, in Nepers per meter. 

Global-Local Method

The global functions, represented by Φn, are the displacements which satisfy the governing equations in the absence of the discontinuity.

The displacements at the mesh boundary are written as a sum of the contribution due to the incident wave and that due to the scattered waves. This displacement is then further used to satisfy the continuity conditions at the boundary.

The displacements at the left boundary are written as:
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where the time-harmonic dependence is implicit.

Rattanawangcharoen et al. (1997) give a detailed description of matrices[image: image37.png][67],[D7]



. In Eq. (5), Φ+ represents the modeshape of the incident waves travelling to the right, Φ- represents the modeshapes of the reflected waves travelling to the left; [image: image39.png]


, [image: image41.png]
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 represent the amplitude, modeshape and wavenumber of the incident wave respectively; [image: image45.png]


 represents the unknown amplitude of the reflected waves; superscript ‘+’ represents a wave travelling in the right and a superscript ‘-‘ represents a wave travelling in the left direction; ‘x-‘ represents the absolute value of the distance of the left boundary from the center of the meshed region; N is the total number of modes considered. In the same way, the displacements at the right boundary are written as:
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In Eq. (6), [image: image51.png]


 represents the unknown amplitude of the transmitted waves and ‘x+’ represents the absolute value of the distance of the right boundary from the center of the meshed region.

The forces at the boundaries can be calculated by computing the consistent nodal force vectors due to displacements (5b) and (6b). The nodal forces at the left boundary are:
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Fj is the consistent nodal force vector calculated from the displacement vector Φj. The nodal forces at the right boundary are:
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Finite Element Model for Local Region

The conventional discretization process in the finite element method yields:
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 are global stiffness and mass matrices respectively; ω is the circular frequency; [image: image65.png]{a:}
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 are the nodal displacement vectors corresponding to interior and boundary nodes respectively; [image: image69.png]{Pg}



 is the interaction force vector at the boundary nodes; and [image: image71.png]


 denotes complex conjugate of [image: image73.png]


. 
Forces on the boundary nodes due to the entire FE region, when displacement is imposed only on the boundaries, can be calculated by performing static condensation on [image: image75.png][s]



 such that:
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Global Solution

The nodal forces on the boundary due to displacements (5b) and (5b), as contributed from the FE portion, are:
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For traction continuity, from Eq. (5), (6), and (11):
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Rearranging the terms, the following final equation is obtained:
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Eq. (13a) is solved using least squares to calculate the coefficients [image: image91.png]


, and [image: image93.png]


. Reflection coefficients ([image: image95.png]


) and transmission coefficients ([image: image97.png]


) (due to the ith incident mode) can be found by:
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Energy Conservation

Energies are carried only by the propagating modes, which include incident, reflected and transmitted modes. The time averaged values of energy flux associated with the jth reflected and transmitted modes through the cross-section is given by:
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where, 
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is the participation factor for the jth propagating mode.
Forced Solution from SAFE and Global-Local
SAFE can be used to compute the displacement time history at any point due to an arbitrary loading over a cross-section. The displacement field is written as a linear combination of the wave-modes present in the structure (Hayashi et al. 2003). Mathematically,
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 is the upper half of the right propagating mth eigenvector, [image: image112.png]Em



 is the corresponding eigenvalue, 
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’ is the coordinate location of the point in consideration and ‘[image: image116.png]


’ is the coordinate location of the applied 

force; [image: image118.png]


 represents the individual contribution of the mth  mode.
The displacement vector, U, is calculated from Eq. (18) for discrete frequencies and an inverse Fourier Transform is used to invert the frequency domain to the time domain. For calculating time histories from the Global-Local method, the time domain forcing function is first converted to its corresponding frequency domain representation. For each frequency component, Eq. (18) is used to express the displacement field due to the force as a linear combination of the displacement eigenvectors, [image: image120.png]


 . For each such eigenmode contribution, Global-Local is then used to calculate the scattered field. This scattered field contributes to the total displacement at the point of interest. The final time history is found by inverting the sum of all such contributions for all the different excitation frequencies under consideration.
Results
Reflection for Notched Aluminum Plate
The first case examined is a semi-infinite isotropic plate with a notch defect. The plate modeled was aluminum, 1.58 mm (1/16 in) in thickness. The first notch considered was 0.16 mm in width and 0.32 mm in depth (Fig. 3a). A finite region surrounding the notch (local domain) and extending into the thickness of the plate, was discretized by rectangular, four-node finite elements. A total of ten elements were used in the thickness of the plate, and the mesh was kept uniform throughout the local domain. SAFE was used for the global domain. The zero-order symmetric mode, S0, was considered as the incident mode.
            The results are shown in the plot of Fig. 3a in terms of reflected energy relative to the incident, unit S0 energy. As expected, the notch causes S0-A0 mode conversion since it breaks the symmetry of the waveguide. As a check for the accuracy of the analysis, energy conservation is preserved as the reflected S0 and A0 energies sum to the incident S0 energy. Mode conversion is found more pronounced at particular frequency values, namely 500 kHz, 730 kHz, 880 kHz and 950 kHz. 

A more shallow discontinuity was examined next. This was a notch extending 1.6 mm in width and 0.16 mm in depth, which more closely represented corrosion damage (Fig. 3b). It can be seen that the resulting reflection spectra are different for the two defect cases. For example, the strong S0-A0 reflection at 730 KHz in the sharp defect is now completely absent in the shallow defect. Maximum S0-A0 reflection for the shallow defect is, instead, found at 550 KHz where zero reflection is seen in the sharp defect. This suggests the potential for quantitative, rather than qualitative defect detection.
Reflection and Transmission for Notched Aluminum Plate
In this case the global-local method was used to predict the scattered field in both reflection and transmission. The plate modeled was aluminum, 1.6 mm in thickness with a half thickness notch in the middle. Transmitted and reflected S0 and A0 modes were computed for an incident S0 mode. Energy conservation was again checked to test the validity of the method (Fig. 4). 

Reflection and Transmission for Layered Composite
This example examined reflection and transmission in the more complex case of a layered composite plate. The plate modeled was 1mm thick and consisted of 8 layers of unidirectional carbon-epoxy laminae in a stacking sequence of [0/+45/-45/0]S. Material damping was ignored in the present study. A defect of length 3mm, consisting of the removal of certain layers, was introduced at various locations across the cross-section of the laminate (Fig. 5). The material density of each lamina was ρ=1530 kg/m3 and the elastic properties in the principal direction of material symmetry are given in Table 1, where 1 is the fiber direction, 2 is the direction perpendicular to the fibers in the laminate plane, and 3 is the through-thickness direction. For waves propagating along a direction ‘x’ oriented at any angle θ with respect to the fiber direction, 1, the SAFE model simply requires the rotation of the stiffness matrix of each lamina through
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 is the stiffness matrix in the lamina’s principal direction, and R1 and R2 are the following rotation matrices:
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with m=cos(θ) and n=sin(θ). The governing eigenvalue problem of SAFE in Eq. (4) is then solved by using the rotated stiffness matrix in the constitutive relations.

            Fig. 5 shows the scattered fields for an So incidence over the defected layered composites. Three different defects are considered. Scattered fields from the removal of the top 2 layers (Fig. 5a) are compared to the removal of the middle two layers (Fig. 5b), and the removal of the top four layers (Fig. 5c). 

            It can be seen that the reflection strength increases as the defect is moved from the top of the plate (Fig. 5a) to the center of the plate (Fig. 5b). This can be explained by the energy distribution in the fundamental symmetric mode over the cross-section of the plate. Fig. 6 plots the Poynting vector for the S0 mode at the frequency of ~400kHz across the cross-section of the composite plate, where the Poynting vector is:
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 is the classical stress tensor, and [image: image131.png]


 is the complex conjugate of the particle velocity vector.

            Fig. 6 shows that the energy carried by the S0 mode in the direction of propagation is concentrated more around the center of the cross-section of the laminate  than at its surface. Therefore, it is expected that this mode would be more sensitive to a central defect compared to a defect at the top or the bottom of the laminate. Fig. 5a and 5b accordingly show an increased reflection of the S0 mode when the middle 2 layers are removed as compared to the case when the top 2 layers are removed. In addition, mode conversion is completely absent in Fig. 5b given the symmetry of the defect with respect to the cross-section; alternatively, considerable mode conversion of S0 into A0 is seen in Fig. 5c because the defect breaks the symmetry of the cross-section. As expected, Global-Local predicts a significant increase in scattering as the defect size increases from 2 layer thicknesses to 4 layer thicknesses (Fig. 5c). 

A0 incidence was studied next for the same composite plate. Figure 7 shows the scattered fields for the same. As in the previous problem, three different defects are considered (Fig. 7 a-c).


Fig. 8 shows the magnitude of the Poynting vector for the A0 mode at 540 kHz. Similar to the case of S0, a very large part of the energy is concentrated in the central portion of the laminate’s cross-section. This explains the strong scattering from the central defect (Fig. 7b) compared to the top defect of the same size (Fig. 7a).

It is likely that the finite element discretization was not adequate for solving the Global-Local problem at higher frequencies. This might explain why energy conservation for both S0 and A0 incidences (Figs. 5 and 7) is not completely satisfied at these frequencies. Since A0 in general has a shorter wavelength compared to S0, it is more affected by the finite element discretization.  Moreover, the laminate being anisotropic, there is a coupling of the shear horizontal mode with both the S0 and A0 mode. This allows energy from the latter two modes to escape into the SH modes. Despite these limitations, the underlying physical behavior of the system is captured adequately.
Experimental Verification
The Global-Local method was also used to predict the time-domain waveforms in the CFRP [0/+45/-45/0]S composite plate subjected to broadband, pulsed laser excitation (ND:YAG, 10 nsec. pulse duration). The response was experimentally measured for the case of a plate 1.0 mm in thickness with a sensor-excitation distance of 20 cm. The defect modeled was a delamination type defect extending in the thickness direction, in the middle of the 8 layered composite laminate. Figs. 9(a) and 9(b) show the comparison of the theoretical predictions with experimental results. The signals are normalized to their respective maximum values. It can be noticed that both the experimental and the numerical results match well in the time of arrival and phase characteristics of the signals. Moreover, a decrease in the damaged signal compared to the undamaged case, as predicted by the numerical model, is confirmed in the experimental results. Another interesting result is that both predictions and experiment show a velocity change between the undamaged and damaged cases. This is likely due to mode conversions. 
Conclusions
This paper demonstrates the use of SAFE in a Global-Local framework which allows extracting information on guided waves scattered by defects in isotropic and layered anisotropic plates for quantitative structural health monitoring. The advantage of SAFE is its ability to handle the complex geometry of layered composites in a computationally efficient manner. 


The method was used in cases of notch-like defects in aluminum plates and delamination-like defects in layered composites. Both reflected and transmitted spectra of propagating modes were predicted. It was also shown that the wave time histories can be extracted from these models for an arbitrary excitation. The results shown are limited to a 2-D study. The extension of the work to 3-D cases is underway.
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Table 1: Elastic properties (GPa) for the CFRP lamina.
	C11
	135

	C12
	5.7

	C13
	5.7

	C22
	14.2

	C23
	8.51

	C33
	14.2

	C44
	2.87

	C55
	4.55

	C66
	4.55
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Fig1.eps - Geometry of a general wave scattering problem by Global-Local method

Fig2.eps - Plate waveguide cross-section in Cartesian coordinates for SAFE.

Fig3.eps - Results of S0 wave scattering from defects in a plate from Global-Local models in reflection. (a) Energy spectra of reflected S0 and A0 (mode conversion) from sharp notch; (b) Energy spectra of reflected S0 and A0 (mode conversion) from shallow notch.

Fig4.eps - Results of S0 wave scattering in a plate from Global-Local model in reflection and transmission.

Fig5.eps - Results of S0 wave scattering from defects in a [0/+45/-45/0]S CFRP laminate in reflection and transmission. (a) removal of top two layers; (b) removal of central two layers; (c) removal of top 
four layers.
Fig6.eps - Poynting vector for S0 at 400 KHz in the [0/+45/-45/0]S CFRP laminate.

Fig7.eps - Results of A0 wave scattering from defects in a [0/+45/-45/0]S CFRP laminate in reflection and transmission. (a) removal of top two layers; (b) removal of central two layers; (c) removal of top 
four layers.

Fig8.eps - Poynting vector for A0 at 540 KHz in the [0/+45/-45/0]S CFRP laminate.

Fig9.eps - Time histories (normalized to max.) of response of damaged and undamaged [0/+45/-45/0]S CFRP laminate subjected to broadband laser excitation. (a) Global-Local predictions; (b) 
Experimental measurements.
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